ABSTRACT. A metric space (X, d) is called an Atsuji space if every real-valued continuous function on (X, d) is uniformly continuous. It is well-known that an Atsuji space must be complete. A metric space (X, d) is said to have an Atsuji completion if its completion (X, d) is an Atsuji space. In this paper, we study twelve equivalent (external) characterizations for a metric space to have an Atsuji completion in terms of hyperspace topologies. We also characterize topologically those metrizable spaces whose completions are Atsuji spaces.
Introduction
A metric space (X, d) is called an Atsuji space if every real-valued continuous function on (X, d) is uniformly continuous. Probably J . N a g a t a was the first one to study such spaces in 1950 in [16] ; while in 1951 in [15] , A . A . M o n t e i r o and M . M . P e i x o t o studied four equivalent (internal) characterizations of such spaces. In 1958 several new equivalent (internal) characterizations of such spaces were studied by M . A t s u j i in [1] . Probably G . B e e r is the first one to call such spaces Atsuji spaces in [2] . He continued with this term in [3] also. But in [4] and [5] , he called these spaces UC spaces as several other mathematicians did while studying these spaces. In [2] , B e e r has given three equivalent characterizations of Atsuji spaces in terms of hyperspace topologies. For more details on Atsuji spaces, see [13] . It is well-known that an Atsuji space (X, d) must be complete. So it is very natural to consider the metric spaces with an Atsuji completion, that is, to consider metric spaces whose completions are Atsuji spaces. In this second section of his paper [3] , G . B e e r studied the Atsuji completions. There he found some (internal) conditions which are equivalent for a metric space to have an Atsuji completion. In [7] , B o r sí k has considered a situation when every Cauchy-sequentially regular function (see the definition in Section 2) from a metric space to a normed linear space is uniformly continuous and given two equivalent conditions for such a situation. In view of [3, Theorem 1] , it means that in [7] , B o r sí k has actually given three more equivalent characterizations for a metric space to have an Atsuji completion, albeit in an indirect way. But in [12] , a much broader list of equivalent (internal) conditions for a metric space to have an Atsuji completion have been studied. Altogether twenty-nine such equivalent conditions, including the five conditions given by B e e r and B o r sí k in [3] and [7] respectively, have been studied, that is, twenty-four new equivalent (internal) characterizations for a metric space to have an Atsuji completion have been studied in [12] . The main goal of the present paper is to study twelve more equivalent characterizations for a metric space to have an Atsuji completion. But these equivalent characterizations are external in the sense that these characterizations, unlike the internal ones, relate to hyperspace topologies on the space F (X, Y ) of Cauchy-sequentially regular functions from the metric space (X, d) to a metric space (Y, ρ) and on the space of all nonempty complete subsets of X.
In order to prove twelve new equivalent characterizations for Atsuji completions, we need to have a few definitions and results which we place in the second section under the heading Basic tools. We split these twelve characterizations into two theorems in order to have easier and natural cycles of the proofs.
The secondary goal of this paper is to find a complete topological characterization of a metric space having an Atsuji completion. More precisely, given a metrizable space X, we would like to query if there exists a compatible metric d on X such that (X, d) becomes an Atsuji space. Such a question for Atsuji spaces was answered by R a i n w a t e r in [19] . He showed that a metrizable space admits a compatible Atsuji metric d (that is, (X, d) becomes an Atsuji space) if and only if X , the set of all accumulation points, is compact. This result has also been proved later in [14] and [4] , but in different ways. In the last result of the present paper, we show that a metrizable space X admits a compatible metric d such that (X, d) becomes an Atsuji space if and only if X is separable.
The symbols R and N denote the sets of real and natural numbers respectively. Also R and its subsets carry the usual distance metric. 
. Also, we denote the set of all real-valued continuous (CS-regular) functions by C(X) (F (X)) and the set of all bounded real-valued continuous (CS-regular) functions by C * (X) (F * (X)).
In this paper, we shall consider infinite valued metrics. An infinite valued metric D on a nonempty set X satisfies the usual axioms of a metric except that we allow D(x, y) = +∞, for x, y ∈ X. The open sets with respect to infinite valued metric D are defined exactly in the same way as in the case of any ordinary metric. The resulting topology is evidently metrizable by a finite valued metric, for we may replace D :
without altering the topology, where
for all x, y ∈ X.
Ò Ø ÓÒ 2.1º Let (X, d) and (Y, ρ) be two metric spaces. Then the uniform
The topology induced by the uniform metric on C(X, Y ) (F (X, Y )) is known as the topology of uniform convergence.
Ò Ø ÓÒ 2.2º Let (X, d) be a metric space and CL(X) denote the hyperspace of all nonempty closed subsets of X.
equivalently,
Note that in general, the above defined metrics may assume +∞.
Here we pause for a while and define some hyperspace topologies on CL(X). Let (X, d) be any metric space and let CL(X) be the hyperspace of all nonempty closed subsets of X. Then consider the following subsets of CL(X).
and
where W is an open subset of X. For a family A of open subsets of X, consider the following subset of CL(X):
Now we define the following topologies on CL(X).
Ò Ø ÓÒ× 2.3º Let (X, d) be a metric space. Then the proximal topology 
Here X × Y is endowed with some metric compatible with the product topology. For definiteness, we consider the box metric σ on X × Y defined by 
and 
From now onwards, given metric spaces (X, d) and (Y, ρ), the Hausdorff met- As in the case of finite valued metrics, we say that two infinite valued metrics are equivalent if they induce the same topology on X. In other words, two infinite valued metrics are equivalent if both generate the same set of convergent sequences.
The Hausdorff metric topology was first studied on function spaces by N a i mp a l l y in [17] . He proved that if (X, d) and (Y, ρ) are metric spaces such that (X, d) is compact, then the Hausdorff metric topology and the topology of uniform convergence coincide on C(X, Y ) (see [17, Theorem 4.7] ). In fact, one can easily prove the following result which was also mentioned by B e e r in [2] . For more details on Hausdorff metric topology on function spaces, see [9] , [10] , [11] . Given a metric space (X, d), we can compare different hyperspace topologies on CL(X) in the following way:
The routine proof of the next proposition is omitted. 
Atsuji completion
Finally we deal with the main goal of this paper. The goal is to find equivalent external characterizations of Atsuji completions in relation to the hyperspace topologies. 
(a) (X, d) is an Atsuji space. (b) For every metric space (Y, ρ), the proximal topology on F (X, Y ) coincides with the topology of uniform convergence on F (X, Y ). (c) The proximal topology on F (X) coincides with the topology of uniform convergence on F (X). (d) The proximal topology on F * (X) coincides with the topology of uniform convergence on F * (X). (e) There exists a metric space (Y, ρ), containing a nonconstant path, such that the proximal topology on F (X, Y ) coincides with the topology of uniform convergence on F (X, Y ). (f) There exists a metric space (Y, ρ), containing a nonconstant path, such that Hausdorff metric topology on F (X, Y ), induced by the box metric on X × Y , coincides with the topology of uniform convergence on F (X, Y ). (g) For every metric space (Y, ρ), the Hausdorff metric topology on F (X, Y ), induced by the box metric on X × Y , coincides with the topology of uniform convergence on F (X, Y ).
(h) The Hausdorff metric topology on F (X), induced by the box metric on X × R, coincides with the topology of uniform convergence on F (X). 
It can be easily verified that ρ is a metric on X equivalent to the metric d on X. We shall show that (X, ρ) is an Atsuji space. Let (x n ) be a sequence in X such that lim n→∞ ρ(x n , X \ {x n }) = 0. For any x ∈ X, we denote ρ(x, X \ {x}) by ρ(x).
We can assume that for each n ∈ N, ρ(x n ) < 1/n. Then for each n ∈ N, since d(x n , X ) ≤ ρ(x n ) < 1/n, we can find some y n ∈ X such that d(x n , y n ) < 1/n. Since (X , d) is totally bounded and ρ(x, y) = d(x, y) for all x, y ∈ X , (X , ρ) is also totally bounded and consequently (y n ) has a Cauchy subsequence in (X, ρ). 
